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This work seeks to identify in-flight loads based on real-time data provided by strain gauges. Flight loads are
identified based on an inverse interpolation method that uses results from a finite element model developed in I-DEAS
software. The inverse interpolation is based on minimization of the error between calculated versus measured
strains. Finite element strains are used as representative of measured strains for input into the analysis. Strains
determined from surface loads of individual Fourier terms are also determined from the finite element model. Strain
data from the applied unknown load coupled with finite element model data from the Fourier loads allow prediction
of the Fourier coefficients of the actual load. Predicted Fourier coefficients are compared to sets of Fourier
coefficients from a database based on historical or theoretical loads and a ‘“least-squares” minimization performed to
determine which set of coefficients are most probable. Successful load predictions are made for polynomial surface
functions of one and two independent variables, using single and double Fourier series, respectively. It is shown that
the variance of the strain data from individual loads plays a key role in the accuracy of the method.

1. Introduction

TRUCTURAL health monitoring is becoming increasingly

important in military and civilian aerospace applications.
Civilian airlines seek to extend the service, safety, and capability of
an aging aircraft fleet while military aircraft are subjected to more
diverse missions. Combat operations involve an increasing use of
autonomous unmanned aircraft. The identification of real-time flight
loads may be advantageous in several ways; for example, the
information can be used to improve fatigue or critical load damage
modeling or to improve aircraft handling or pilot response to unusual
loads. Autonomous vehicles may use this information to make flight
adjustments or to detect and quantify damage while in flight. This
type of flight load information will also provide reliable databases,
which may be used in a condition based maintenance program. The
measurement of real-time flight loads, displacements, and stresses is
typically very difficult due to the complexity of load measurement
instrumentation.

This work proposes the application of an inverse method to
develop a database of Fourier coefficients that will enable effective
modeling of real-time flight loads. Because loads, stresses, and
displacements are determined using experimentally measured
structural response, the problem may result in a set of ill-posed
governing equations. Hence a finite element based inverse method is
chosen to predict the “best” solution. In this method, data obtained
from a finite element analysis (FEA) will be used as measured data
and analyzed to predict real-time flight loads. The strains could be
measured with a fiber-optic sensor network, microelectromechanical
system (MEMS) strain gauges, or typical strain gauges.

Several authors have developed various inverse methods to
predict loads or displacements based on strain data. Shkarayev
etal. [1] developed a finite element based methodology involving an
inverse formulation that employs measured surface strains to recover
the applied loads, stresses, and displacements in real time. The
parameters of load interpolation were computed using a least-squares
minimization procedure. These authors suggested that a quality
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function be implemented to determine the actual load case. This
quality function would be based on experimental statistics. Some
numerical test cases were successfully performed, however, no
supporting experiments were performed. Coates and Thamburaj [2]
investigated this method’s efficacy if the load distribution functions
of one and two variables were expressed as the sum of their single
Fourier cosine series terms. Measured strain data were simulated
with a finite element model, which was used as input to the inverse
methodology. It was shown that if a database containing the Fourier
coefficients of historical functions exists, the most probable load
distribution function could be identified in real time using finite strain
measurements. However, as the number of terms was increased or
the functions of two variables increased in complexity the
methodology lost accuracy.

Maniatty et al. [3] investigated solutions for inverse elastic and
elastoviscoplastic problems based on the finite element method.
Their method used a regularization procedure to impose smoothness
on the solution. Maniatty and Zabaras [4] also more recently applied
the regularization procedure coupled with a statistical approach
initially developed by Tarantola [5]. The iterative nature of this
method increases vulnerability to convergence problems and high
computation costs. Bogert et al. [6] implemented an algorithm for
recovering the displacement of a structure under arbitrary static
loading using strain data determined at discrete locations. The
solution was based on a modal transformation that uses the
structure’s deformation and strain modes. Deformed shapes re-
constructed from the modal transformation algorithm showed good
agreement with the directly measured quantities. Kirby et al. [7]
successfully demonstrated shape recovery for a beam based on strain
data using an inverse method. The method employed directly
integrated the strain displacement relationships using a polynomial
representation of the strain field. Tessler and Spangler [8] imple-
mented a smoothing functional which employs least-squares
difference terms for interpolated element level strains and measured
strains. The minimization of this functional forms the basis for an
inverse finite element method being developed. Cao et al. [9] used a
learning algorithm for a multilayer neural network to determine load
strain relationships. Selection of the combination of learning
parameters significantly affects convergence of the network. Con-
vergence was therefore vulnerable to improper selection of
combinations of these parameters.

This paper seeks to extend the work in [2] by approximating load
distribution functions of two variables with their double Fourier
series representation and to recover the Fourier coefficients of
historical loads from finite strain measurements. This work also
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explores the statistical aspects of the multiple least-squares
regression model employed. The necessary confidence intervals,
their relationship to the variance, and number of data points are also
examined in order to characterize the robustness of the method.

II. Inverse Interpolation Method

A brief review of Shkarayev’s method is provided; for more
details the reader is encouraged to consult [1]. Consider an aircraft
wing subjected to internal and external load changes. If strain gauges
are placed on the wing at n specified locations, the strain data may be
stored and used as input to an inverse analysis to determine the real-
time load changes. A finite element model of the wing structure
would have to be available because the method depends on finite
element results.

From a set of m possible load cases, the ith load approximation
may be expressed in parametric form

!
Fi(s) = Zainij(s) (1
=1

where the a;;s are unknown approximation parameters and the R;;(s)
are spatial distribution functions. By using Eq. (1) in the finite
element method, the displacements {U}, strains {¢}, or stresses {o}
corresponding to the ith load may be computed from

1
(A} =) a;{A;} )
j=1

where A represents any of these parameters. If ¢} represents the
measured strains for the ith load case, and ¢; represents the strains
derived from applying each R;; load case, the coefficients in Eq. (1)
may then be computed by performmg a least-squares minimization
with respect to the parameter a;;, where

S;={e: — e} e —&f}
m T( m
= {Z ajte;t — 5?} {Z a;ie;} — 5?} 3)
j=1 =1

This minimization can also be performed while accounting for
certain inequity constraints. In this work, the Rij terms are either
single or double Fourier terms and will therefore always be known
(excluding their coefficients). The current model considers the
aircraft wing (semispan) under a cantilever condition. The surface
load p(x,y) may then be expressed (double Fourier) as

p(x,y) ’”aOO—I—ZaOmcos( ) -I-Zanocos( )

m

+ i i A cos( ) cos (?) “)

n=1 m=1

The database will consist of the a;; Fourier coefficients from m
possible load cases determined from historical or theoretical data.
The a;;s are stored in a matrix [A] where

[A] = [{a}i {a}; {a}; -+ {a};] )

Based on the load history, we can also represent the weighting
constraints by w; such that a weight matrix [w] is expressed as

wl=[w;, wy, w3 -+ w,] (6)

If an unknown load produces a set of strain values, these values may
be used in Eq. (3) to obtain the Fourier coefficients {a} of the
unknown load. Using a least-squares minimization of the errors
between the derived Fourier coefficients and the database sets of
coefficients, we obtain

S; ={a} — {a}]"[{a}} — {a}] @)

Fig. 1 Geometry, loading, and coordinate system of the finite element
model.

w=(1—=wyS; (8)

The minimization of Eq. (7) coupled with weighted criteria from
Eq. (8) provides the a;; for the Fourier cosine series most
representative of the loading. Several cases were analyzed and are
discussed in Sec. IV. A robust linear regression algorithm employing
the bisquare function was used in this work. If &} represents the
measured strains for the ith load case, the residual or error between
the predicted and measured strains can be written as

ri={e—¢&}= {Z ajle;t — 57} ©
=1

The coefficients a;; may then be computed by performing a least-
squares m1n1m1zat10n of the following:

S, =wi(r{r) 10)

where w; represents a weighting function. In the robust linear
regression, the least-squares solution was iteratively reweighted by
applying the bisquare function shown in Eq. (11) to the residuals of
the previous iteration:

=[abs(r;) < 1](1 — r})? (11)

III. Finite Element Model

The finite element model was developed using the I-DEAS
commercial software. The model was discretized with a 64 x 16
mesh using the thin shell linear quadrilateral element of thickness
0.002. The bending stiffness for this element is based on the Mindlin
shell equations in which the displacement due to transverse shear
strain is included. The material property values used were Young’s
modulus E =72 GPa and Poisson’s ratio, v=0.3. Seventeen
uniformly spaced locations were selected along the line y = 0.375
and 17 selected along the line x = 1.25 to measure strain values &,
and ¢,; these strains correspond to the ¢} in Eq. (3). The surface loads
are applied at the top of the shell element (z = 0). The cantilever
dimensions were 2 x 0.5 x 0.002 m®>. The geometry, loading
direction, and coordinate system are illustrated in Fig. 1.

IV. Numerical Simulations
A. Known Function Recovery

Several functions were recovered in [2] based on their R;; terms.
Some of these functions are provided in Table 1 as a reference. An
inspection of Table 1 indicates that the estimates of the coefficients of
y and y? were the least accurate for the polynomials

2

(,y)=L—L Wk ke
Pox.y) =L —Lx+ Y+

and

2
pa(x.y) =K—Ky+yE
where L =2 and K = 0.5. The y and y? coefficient terms for the
function pg(x, y) were therefore investigated to discover the reasons
for the inaccuracy. For the above-mentioned cases, the most likely
sources of error for the y and y? coefficients were either that the
number of strain values sampled from the y and y? distributions was
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Table 1 Polynomial coefficients recovered using the inverse method for various functions

Type of load (L =2, K = 0.5) 1 X x? y y?
pxy)=L—7% 1.9985 —0.4989 —_— —_— —_—
pa(x,y)=K—% 0.5032 —_— —_ —2.0129 —_
pi(x,y) =L —Lx + )T 1.9981 —1.9981 0.4996 —_ —_
paxy) =K —Ky+% 0.4936 — — 04233 1.8462
ps(x,y)=L—5+K—% 2.5020 —0.4990 —_ —2.0138 —_
ps(x,y) =L —Lx+ % + K—Ky+ % 2.4749 —1.9955 0.4987 —0.2599 1.5373
Table 2 Functions used to create a database and their Fourier coefficients
p(x,y) 10(2 — x)y(0.5 —y) 25-0.5x—2y 10(2 — x)y 10 2 + 3xy?
Ay 0.4167 1.5 2.5 3.4022 2.25
a0 0.3377 0.4053 2.0264 2.5767 —0.2026
Ao 0 0 0 0.626 0
An03 0.0375 0.045 0.2252 0.385 —0.0225
Aom 0 0.4053 —2.0264 0.6863 —0.304
Ao —0.2533 0 0 0.0428 0.076
Aom3 0 0.045 —0.2252 0.078 —0.0338
A1 0 0 —1.6426 0.5198 0.2464
A1z —0.2053 0 0 0.0324 —0.0616
A1 0 0 —0.1825 0.0591 0.0274
A2 0 0 0 0.1263 0
A2 0 0 0 0.0079 0
A3 0 0 0 0.0143 0
A3 0 0 —0.1825 0.0777 0.0274
A3z —0.0228 0 0 0.0048 —0.0068
A3 0 0 —0.0203 0.0088 0.003

insufficient or the variance of these strain data was not large enough
or both.

These postulates were examined using the data set employed by
the least-squares method to obtain the constant (for R;; = 1) and the y
coefficient within the function pg(x,y) (Table 1). The 95%
confidence interval for estimating p + 1 coefficients from n data
points is found from

Bit Tn—p-1,0025 " Sg, 12)

where BI- are the multiple least-squares estimates, f,_, ;025
represents the student’s ¢ distribution with n — p — 1 degrees of
freedom, and s; is the standard deviation of the ,é,- [10,11]. The
number of strain data points used to generate the polynomial load
distribution coefficients (R;;s) was incrementally increased from 6 to
34 and the 95% confidence interval was observed to decrease
accordingly. Figures 2 and 3 illustrate the decreasing 95%
confidence interval for the constant (2.5) and the coefficient of y for
Pe(x,y). The calculated B ; approaches the actual ; for both terms as
expected; however, at 34 data points the y-coefficient ﬁ ; misses its
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Fig. 2 Decreasing 95% confidence interval with increasing number of
data points for the constant in p¢(x,y) (Table 1).

target value by 23% while the constant §; is off its target value by 1%.
The variance of the strain data set required to calculate the y
coefficientis several orders of magnitude smaller than the variance of
the strain data set required for the constant (coefficient of 1). This
results in a larger 95% confidence interval as well as a poor estimate
of B, using 34 data points. Several more test runs at random locations
indicated that a smaller data set with a variance on the same order of
magnitude of larger data sets yields comparable confidence intervals.
Therefore, to recover coefficients most accurately, the number of
data points used should be maximized or data point locations should
be chosen such that the variance value is comparable to the variance
of previously successful data sets. The latter approach will be more
cost effective and is therefore recommended.

B. Function Recovery from Database

Strains from specific functions acting as load distributions were
entered in Eq. (3) as the {e]}. The functions chosen to illustrate
double Fourier approximations were 10(2 —x)y(0.5—y),
2.5 —0.5x — 2y, 10(2 — x)y, 10e=*7, and 2 + 3xy?. The Fourier
coefficients obtained, shown in Table 2, were used to create
pseudodatabases to investigate the efficacy of the method. In a
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Fig. 3 Decreasing 95% confidence interval with increasing number of
data points for the y coefficient in the function p¢(x, y) (Table 1).
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practical application, these specific functions could be obtained from
a historical and/or theoretical database. Additionally, weights can be
employed based on frequency of occurrence of these load
distributions under known external constraints (e.g., weather, flight
type).

Random functions were then chosen to provide a distributed load
on the surface. The strains obtained were used in the current method
to determine the possible Fourier coefficients [i.e., {a} in Eq. (7)] for
these functions. Minimization of Eq. (10) allowed for selection of the
function in the database that was most similar to the unknown
function. The similarity was not necessarily in equation form (e.g.,
exponential, quadratic), but in terms of the distribution over the
intervals [0, 2] in the x direction and/or [0, 0.5] in the y direction. The
appropriateness of the selected functions was verified with surface
plots shown in Figs. 4 and 5. Figure 4 illustrates the function 1 —y
recovered from a single Fourier approximation database (functions
in Table 1), along with linear and quadratic functions from the
database. Though the database contained a linear function in y, the
method selected the quadratic function in y.

Figure 5 shows relative surface plots of the functions 2 + 3xy and
the function 2 + 3xy?; the latter was recovered from the double
Fourier database (Table 2) using the function 2 4 3xy as a test
function. Figure 6 shows a surface plot of these four other functions
in the database as well as their Fourier approximations for three terms
(n =3). A visual comparison of all plots indicates that the load
distribution 2 + 3xy? most closely matches the test function 2 + 3xy
over the x interval [0, 2] and y interval [0, 0.5].

Flight load distributions on airfoils are usually represented as a
function along the wingspan and along the chord. Allison and
Mineck [12] and Iglesias [13] show realistic examples of such load
distributions. These load distributions can be represented using the
double Fourier approximation with n = 3.

Also, because actual strain data will have some variability, the
regression analysis including function recovery was further tested for
strain data with an error of +10%. It was observed that the method
selected the correct function in all cases with this error.

C. Recovery of Functions on Large Structures

The study of the influence of data points revealed that an increased
variance of the data set or an increase in the number of data points
allows more accurate recovery of the a;s. A larger structure
introduces the following components to the methods efficacy:

1) Fewer data points decrease the amount of data available for
processing which may decrease the confidence intervals when
obtaining the a;;s.

2) The availability of more potential sensor locations provides an
opportunity to obtain greater variance in the data set; this would
improve the accuracy of coefficient recovery.

Whether 1 or 2 has a stronger influence on the success of function
recovery is dependent on the expected load functions, the location of
the strain sensors, and the lifting body material and geometric
properties. If a minimum number of strain sensors are strategically
placed such that the variance of the data set is comparable to that
obtained with a larger data set that has provided theoretical function
recovery, the method will also capture the expected loads with the
smaller data set. For this to be realistically implemented, a FEA study
could be done using the minimum locations under consideration. In
this work, the dimensions of the finite element model were increased
to 5x3x0.15 m* 90% of the coefficients of the functions in
Table 2 were recovered with 10 data points to within 20% of their
actual value. Note that the coefficients do not necessarily have to be
recovered very accurately for the method to recover a function from
the database that closely matches the expected load function. In the
previous section, though the error in obtaining a single coefficient
was as much as 23%, the method still selected the most appropriate
function.

D. Time-Dependent Loads

This paper looks at static loading conditions. However, cyclic
loads are important for fatigue analysis. Dynamic finite element

Load distribution: p(x,y)

Fig. 4 Surface plot of the test function 1 —y; the current method
selected the quadratic function in y within the database. Though
quadratic, this function is a better approximation than the only linear
function in y in the database.

Load distribution:

y 0o

X

Fig. 5 Surface plot of the test function 2 + 3xy; the current method
selected the function 2 + 3xy? in the database from Table 2.

analysis can be used to study the effect of such loads. For instance,
one can express the ith load approximation as

1
Fi(s.0) =" a;R;p(t) (13)
j=1

Using Eq. (13) in the finite element method, one can obtain the
displacement and strain data at each time step. A least-squares
regression analysis is performed at each time step in conjunction with
the load function recovery algorithm. The proposed method is
computationally intensive. However, given the cyclic characteristic
of these loads, one might be able to identify the periodicity of the
strain data, which in turn helps with the flight load identification
process. The authors propose to study such loads in the future.

V. Conclusions

An inverse method based on finite element strain values
successfully predicted Fourier and polynomial coefficients that
enable comparison of unknown load distributions to a historical or
theoretical database. The comparison, which implements the
multiple least-squares method, has enabled successful selection of an
unknown function from two types of databases. The first database
consists of single Fourier coefficients, which approximate functions
of one variable; the second consists of double Fourier coefficients,
which approximate functions of two variables. It has been shown that
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Fig. 6 Surface plot of the other functions in the database along with their Fourier approximations for n = 3.

the method is sensitive to the variance of the data set, the size of the
data set, and the number of Fourier terms used to model the unknown
function as well as the functions in the database. It is therefore
important that the expected functions have the ability to be accurately
modeled by the Fourier series with a small number of terms (n = 2) if
the strain data set is relatively small (N = 34).
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